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Although the coarseness of the grid used in this example
precludes quantitative comparisons, the qualitative features
of these results are in agreement with those obtained ex-
perimentally and theoretically using an approximate con-
tinuum solution for similar torsion problems.?

The purpose of this Note is solely to demonstrate a stable
algorithm for finite element analysis of partly wrinkled
membranes. Questions concerning accuracy and rate of
convergence in realistic technological applications are
currently under investigation and will be addressed in future
publications.
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Load-Frequency Relations
for a Clamped Shallow Circular Arch

Eric R. Johnson*
Virginia Polytechnic Institute and State University,
Blacksburg, Virginia

Introduction

THE subject of this Note is the infinitesimal free vibration
of a shallow circular arch about a nonlinear, prebuckled,
static equilibrium configuration. The arch is elastic, its ends
are clamped a fixed distance apart, and its motion is assumed
to occur in its plane of curvature. It is subjected to a spatially
uniform static load which can cause snap through to an in-
verted configuration. On a load-deflection equilibrium path,
snap-through instability occurs either at a limit point (relative
maximum load) or at a bifurcation point (intersection of
equilibrium paths).

The results are presented as characteristic curves that are
plots of the static load magnitude vs the square of the
frequencies. The curve corresponding to the lowest frequency
is called the fundamental characteristic curve. This curve
intersects the frequency (squared) axis at the fundamental
natural frequency, and intersects the load axis (zero
frequency) at the snap-through load. For the arch problem
considered here, the fundamental characteristic curve is
concave toward the origin. This property is useful in
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estimating the fundamental natural frequencies, and in ap-
proximating the snap-through load experimentally but
nondestructively. If the snap-through load and the fun-
damental natural frequency at zero load are known, then a
straight line connecting these points in the characteristic plane
provides a lower bound to the fundamental natural
frequencies at intermediate load levels. If the fundamental
natural frequencies are determined experimentally at two
static load magnitudes, these results may be used to construct
a straight line extrapolation to the load axis (zero frequency).
This load is an upper bound to the snap-through load.

This Note is a summary of a report by the author and R. H.
Plaut,! and is a supplement to Ref. 2 on the load-frequency
relations for three shallow elastic structures, one of which is a
pinned-end circular arch subject to a uniform load. Many
authors have considered the free vibrations of columns,
plates, and shells (see the bibliographies in Refs. 3 and 4).
Fewer papers exist for shallow elastic structures.

Analysis

The shallow arch shown in Fig. 1 is homogeneous and has a
uniform cross section. The unloaded configuration (dashed-
dotted line) is denoted Y, (X), the equilibrium configuration
under the distributed load Q(X) is Y,(X), and the con-
figuration at time T'is Y(X, T). Also, u denotes the mass per
unit length, £ Young’s modulus, / the moment of inertia of
the cross section, and A the cross-sectional area.

Define the nondimensional quantities

XY (A Y, v,
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Let dots and primes denote partial differentiation with

respect to f and x, respectively. The equation of motion is
!

ey -y | L0p?- 0 M= —n'g @)
in which axial and rotatory inertia terms are neglected. Setting
the time derivative term (lateral inertia) to zero in Eq. (2)
reduces it to the static equilibrium equation derived in Ref. 5.
The nonlinear term in Eq. (2) represents the geometric
coupling between bending and axial thrust due to large
deflections. In this term the definite integral is proportional to

the axial thrust, which is spatially uniform since the curvature
is small. The boundary conditions are

y=0, y' =y, at x=0, I, and >0 3)

The equilibrium configuration satisfies the equation

a "

Y=y +yiyl=—7tg )

where the induced thrust is

1
72=2S0 [(rg)2— () ?)dx ®)

Q(X)

Fig. 1 Shallow arch.
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Let w(x,t) denote the motion about y (x), i.e.,
w(x,t) =y(x,t) —y,(x). Subtracting Eq. (4) from Eq. (2)
yields the equation of motion for w. If this equation is
linearized and vibrations of the form w(x,¢) =z(x)exp(iwt)
are considered, one obtains

1
" +y2z" = 1r“wzz=4y5”go z'yidx ©®

The boundary conditions on the vibration modes are 2=z’ =0
atx=0andx=1.
Consider:

Yo(x)=4ex(I—-x), q(x)=¢qp ¢>0, q,>0 Q)

which represents a circular initial shape for a shallow arch
with a nondimensional height ¢ at midspan, subject to a
uniformly distributed load. The symmetric solution of Eq. (4)
subject to boundary conditions, Eq. (3), is

Y (x) =4c(a—1){cot(y/2) [1—cosyx] —sinyx} /vy 8
if y#0ory#2nw, n=1,2,..., and where
a=rgy/ (8¢y?) . ®

(Solutions for y=0 or y=2nw are in Ref. 1.) Substituting
Eqs. (7) and (8) in Eq. (5) requires « to be a root of

Ac? +Ba+C—+2/(32¢?) =0 (10)
where
A=—5/6+8/vy2—3cot(y/2) /y—cot?(y/2)/2
B=1-8/v%+2cot(y/2) /y+cot? (v/2)
C=—1/6+cot(y/2) —cot?(y/2)/2 an

If cis sufficiently large, there are also asymmetric solutions to
Eqs. (3-5) which bifurcate from the symmetric solution Eq.
(8) on the load-deflection path.

For free vibrations about the static equilibrium con-
figuration Eq. (8), Eq. (6) is solved to determine the mode
shapes and frequencies. The solutions separate into inex-
tensible (antisymmetric) modes and extensible (symmetric)
modes depending on whether the right-hand side of Eq. (6)
vanishes or not. The integral factor on the right-hand side of
Eq. (6) is proportional to the amount of additional extension
or contraction of the centerline during vibration. The inex-
tensible modes are

z,(x) =A,{sin[r,, (2x—1)] —G,,sinh[r,.,, (2x—-1)]}

n=24,... (12)
where
r3, ==y + (Y2 +4rfw?) %1/8
r3, =+ (v +4ntw?) %1/8
G, =r,,c08r,,/ (r;,coshr;,) a13)

The associated frequencies are the roots of
ro,cosrytanhr,, —r, sinr,, =0 (14)
The extensible modes are

z,(x) =A,{coslr,, (2x—1)]1 - E coshlr,, (2x—1)]
—F,y{(x)/(8¢)} n=13,.. (15
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Fig. 2 Characteristic curves for increasing values of the dimen-
sionless midspan height.

where . coefficients E, and F, are given in Ref. 1. The
frequencies of the extensible modes are the roots of

(C,, +C;,tanhr,, )cosr,, + (C,, + C, tanhr,, ) sinr,, =0
(16

Coefficients C;,, C,,, C;,, and C,, are given in Ref. 1. The
static equilibrium configuration influences the mode shapes,
Eqs. (12) and (15); however, their shapes do not vary
significantly with the load.

Numerical Results and Discussion

Characteristic curves for w? (solid lines) and w3 (dashed
lines) are presented in Figs. 2a-e for different values of the
arch rise parameter ¢. If 0<c<(w/2)?, the load-deflection
path is monotonic and no instability occurs, so the
frequencies remain positive as in Fig. 2a. If (7/2)? <¢<4.969,
the arch becomes unstable at a limit point. At the limit point
load, w; becomes zero and the characteristic curves have zero
slope as in Figs. 2b and 2c. If ¢=4.969, bifurcation occurs at
the limit point and the first two frequencies vanish
simultaneously (Fig. 2d). If ¢>4.969, bifurcation instability
occurs before the equilibrium path reaches the limit point and
w, is zero at the critical load (Fig. 2e).

In the range 4.464 <c<4.969, the first two characteristic
curves intersect between g,=0 and the critical load (limit
point). The smaller value of ¢ corresponds to the coincidence
of w, and w, at g,=0. The fundamental characteristic curve
consists of w3 to the intersection point and then wj to the
critical load (Fig. 2c), and the mode switches from an an-
tisymmetric shape to a symmetric shape. It is noted? that for
pinned-end conditions and 2.296 < ¢ <2.690, the fundamental
curve consists of w? from g, =0 to the intersection point and
w3 to the critical load (bifurcation point), and the mode shape
changes from symmetric to antisymmetric. Hence, assuming
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the first two characteristic curves intersect between g, =0 and
the critical load, the order in which they comprise the fun-
damental curve as the load increases is reversed if the end
conditions change from clamped to pinned.
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Second-Order Sensitivity
Derivatives in Structural Analysis
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HE interest in calculating sensitivity derivatives of
constraints on structural behavior is evidenced by a
number of recent publications (e.g., Refs. 1-5). Most papers
are concerned with calculation of first derivatives of con-
straints. However, a recent Note: by Haug presents ex-
pressions for the calculation of second derivatives of static
constraint functions. Haug’s method resulted in an order-of-
magnitude saving over standard methods for calculating such
derivatives. The purpose of the present Note is to present a
similar but simplified procedure that resuits in reducing the
computational cost by an additional factor of two. The results
are presented in a notation that is different from that of Ref.
1, but is more common in other work on structural analysis
and synthesis.
The structure is assumed to be discretized by a finite
element model and governed by the equation of equilibrium

KU=F . (1)

where X is the stiffness matrix, U is the displacement vector,
and F is a load vector. The structure and therefore the
displacement may be controlled by design variables. We
assume that there are n design variables, but for simplicity we
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obtain expressions for derivatives with respect to two of these
variables, x and y. A constraint on the structural response
may be written as

glxy,U) =0 )

We are concerned with methods for computing the second
derivatives of g with respect to design variables. We start by
considering the first derivatives. Differentiating Eq. (2) with
respect to x, we obtain

dg g dUu
2SS gr=”
dx 9dx * dx ®
where the vector Z has the components Z;=dg/dU,. Dif-
ferentiating Eq. (1) we obtain

dU dF dXK
K—=2"_2=
dx dx de @

It is possible to solve for dU/dx from Eq. (4) and substitute
into Eq. (3), which can be written symbolically as

de _ de

ZTK~
ax " ax T

i &)

[5-%Y
However, when there are many design variables it may be

more advantageous to define an adjoint variable A as the
solution of

KA=2Z )
so that

de _ 3% 7 [d_F & ]

dx  ax dx  dx

Q)
where use has been made of the symmetry of the matrix K.
This alternative approach is often called the ‘“‘dummy load
approach,”” with Z being the dummy load. It requires the
solution of a system of equations, Eq. (6), once for each
constraint function, whereas the system of Eq. (4) has to be
solved once for each design variable. The dummy load ap-
proach thus has the advantage when there are more design
variables than behavior constraints.

To calculate second derivatives we can differentiate Eq. (3)
with respect to another design variable, y:

d? 8?2 9ZN\TdU dUN\T_dU
G o () (e

dxdy  axdy  \ax/ dy  \dy dx
du d2uU
zr 8
+ <3y) ax T dxdy ( )

where the term R;; in the matrix R is 82g/dU; dU;. To obtain
d?U/dxdy for Eq (8), we have to differentiate Eq (4) with
respect to y,

dK dU dK dU

U—a‘a—— &)

d?U _ d°F 4K
dxdy  dxdy dxdy

Thus, each second derivative of the constraint requires
solution of a system of equations, Eq. (9). When we have n
design variables, we need to solve Eq. (9) n(n+ 1)/2 times and
Eq. (4) n times to get all the second derivatives of g. Haug
suggested a more economical approach requiring two ad-
ditional adjoint vectors. For n design variables, there would
be need for only 2n adjoint vectors and 2n solutions of
systems of equations instead of n+n(n+ 1)/2. It is, however,
possible to do much better. Substituting for d?U/dxdy from



